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Some new relationships have been derived between the enthalpies and
entropies of melting and mixing of components of binary simple eutectic
systems, and the slopes of the tangents to the liquidus curves at the eutectic
points of the corresponding phase diagrams.

Part one

Let us consider a binary system A 4 B, in which an equilibrium exists between
a solution and a pure solid phase (a simple eutectic system). Let us assume that
this system is under a constant pressure P which is greater than the vapour pres-
sure of this system within the considered temperature interval (a condensed sys-

tem). The condition for the thermodynamic equilibrium for each component (sub-
stance) can be written as

A T)p = piT, 2)p - (1)
In equation (1),

0,8

% is the chemical potential of a pure solid component,
1

u; is the chemical potential of the same component in a liquid phase which is sa-
turated with respect to this component,

z; is the concentration in molar fractions of the component under consideration.

Another condition of the thermodynamic equilibrium is

Ad(ud®)p = d(u}) p
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The total differentials in equation (2) may be written as follows
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Because of
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and
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we obtain
olnd - aT.
RTz( % ) = a@Y . =5, (5)
a:c'- P, T d:vi
where

a! is the activity of the liquid substance ¢ in the saturated solution. The reference
state is the state of the pure undercooled substance ¢ at the same temperature,

AHYs = H. — HYS is the partial molar differential heat of fusion, or the differen-
tial heat of the process of dissolution, of the substance ¢ at the temperature 7'
(1], p. 40),

H. and HY*® are the partial molar enthalpy of the substance ¢ in a liquid saturated
by this substance 4, and the molar enthalpy of the pure solid substance ¢, respecti-
vely,

dT;/dz; = k; is the slope of the tangent to the liquidus curve of the substance 4.

It should be stressed that the quantities d7'; and dx; in the expression d7%;/dz;
are not mutually independent, .e., 2; = f(7;), and vice versa. But the variable z;
in the expression (0 In a;/0x;)p, 7 does not depend in general on 7', t.e., a; = {(T, z;)p,
where T' and z; are mutually independent variables.

Writing down equation (§) for both components A and B, multiplying in the
first case by x5 and in the second by zp and finally substracting, the following
equation is obtained after rearrangement

_ _ 91n d} d1n a
2y - AHY - ky — g AHY - kg = RT?- | oy (Smth | — oy (2228 . (6)
oz, oxg P,T

For the eutectic point & in a phase diagram it is valid that T = Tg, zs + 25 =
= 1. Then the Gibbs—Duhem relationship can be applied to the right-hand side
of equation (6). Thus for the eutectic point £ we may write

(zy - Aﬁ’f “ky)p = (xp - Aﬁ%“ - kg)g - (7)

The values of the quantities xa, ks and kg can be taken from the corresponding
phase diagram (Fig. 1).

This important relationship which has been derived for the first time in 1959

in a slightly different way by Dodé and Hagége [2] seems to have fallen into an
undeserved oblivion. It can be used, e.g., for computing one of the terms

(4HL)g, (AHY)g,
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Fig. 1. The phase diagram of a simple eutectic system A 4+ B.
The slopes of the liquidus curves at the eutectic point E are plotted where
tga = (ka)z, tg f = (ks)E.

if the other is known. But some more important information can be obtained if
equation (7) is combined with the following equation

AHY = (wy - AH)p + (xp - AHY)5 - (8)
In equation (8),

AHY is the molar enthalpy change for the process “’solid ->liquid** at the eutectic
composition and temperature. Other terms hold their previous meaning.

From equation (7) and (§) we obtain

— k
(AH); = ————— - 4HY, )
@y - (ky + kg)
771 ky
(AHE)p = ———— - AH. (10)
wg * (ky + kg)
Further
AHY = B, — HY = (H} — HY) + (HY — HY®)
or
(AHYS)p = (AHP=) + (AHY'F)g, (11)
where

(4HMx), is the partial molar enthalpy of mixing of the substance 7 at the eutectic
composition and temperature,

(AHY8)p = (H¥' — H?%), is the molar enthalpy change in the process ’’solid —
— liquid** of the pure substance ¢ at the eutectic temperature 7.
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Because dAHM® = ACY5.dT we obtain

T
(AH}S)p = AHS — [ACHY - aT (12)
TE
in which
AH! is the molar enthalpy of fusion of the pure substance 7 at its melting point, 7%,
A0%s = 0%, — CO%, is the difference between the molar heat capacities of the pure
liquid and pure solid substance %, respectively.
Inserting equation (12) into (1I) and then (1) into (9) and (I10) we easily obtain
for the component A

Ty
_ k
(QHYS), = — "B . AHY — AHY, + f ACHH < &P . (13)
zy - (ky + kgp)
T
Similarly, one obtains for the component B
Th
_ k
(AHMS)y, = — A& . JHYs — AHS + j A0 - aT . (14)
g - (ky + kgp)
Te

Part two

If one takes into account that AHYS =T . ASY, where ASYs = 8} — 80 is
the partial molar entropy of fusion of the substance ¢ in a solution saturated by
¢ at T, then equation (7) yields the following relationship which is valid for the
composition and temperature of the eutectic point E

(xn - A8 - kp)p = (xg - ASY - kg)p - (15)

This relationship seems to be obtained for the first time.
Further we can write

48P = 8} — 8% = (8} — 8P) + (P! — 87%)
or
(4875 = (ASP=)g + (4827, (16)
where

(AS®i®), is the partial molar entropy of mixing, or the differential entropy of the
process of dissolution, of the substance 7 at the eutectic composition and temperature,
(48%1%), is the molar entropy change in the process ’’solid - liquid® of the pure
substance ¢ at the eutectic temperature 7'.
Because dASYS = ACYS. dIn T, after some rearrangement we obtain

T
i k
(A83), = PR B+ = - ASYS — 48§ + fACOP-}g *dInT, (17)
Tt ARy B
Te
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Th
o k
(A58 = — & . ASY — ASE + fAC%}{; -dInT. (18)
zp + (ky + kp)
TE

The analogy between equation (13), (I14), on the one hand, and (I7), (18) on the
other hand, is obvious.
A practical application of the derived equations will be considered in a subsequent

paper.

Part three

The relationships (7) and (15) are valid for all simple binary eutectic systems,
whether ideal or non-ideal. If we only confine ourselves to ideal systems then both
mentioned equations can be derived in a simpler manner.

For ideal systems it is valid that a; = x; and further, AHY® = AH>" , because
the term AH™* is equal to zero (see equation (11)). Then the differential equation
(5) written for the substances A and B of an ideal binary system yielis,

1 ar o
RT? - — = AHYY . 2, ; (19)
[xA dz,
1 aT
RT:- — — AHYYs. —B, (20)
g dzg

For the same eutectic temperature 7', we obtain immediately equation (7)
and from this, also equation (15).

The derived equations are valid not only for the equilibrium “solid<— liquid*,
but — mutatis mutandis — for arbitrary two different phases at equilibrium.

The author thanks Dr. I. Proks for discussion and critical remarks.
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